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A detailed population balance model is de®eloped for the particle-size distribution
( )PSD in the emulsion copolymerization of ®inyl acetate and butyl acrylate, with non-

( ) (ionic poly ethylene oxide surfactants and a redox initiator pair t-butyl hydrogen perox-
)ide and sodium formaldehyde sulphoxylate . The model accounts for the effects of the

nucleation, growth, and coagulation e®ents on the e®olution of the PSD. The study
(addresses the modeling of the coagulation kernel time-®arying and size-dependent in-

)trinsic coagulation rate under nonionic surfactants. The coagulation-inclusi®e model
results show significant differences from the results generated by a coagulation-free model
( )e®en under low solids conditions . More importantly, the coagulation-inclusi®e model
predicts to a reasonable accuracy the experimental data on the full PSD.

Introduction
In emulsion polymerization, the main locus of polymeriza-

Žtion lies within organic particles in the size range of about 2
.nm to 1 � , which are dispersed in the aqueous phase. The

Ž .particle-size distribution PSD is one of the most important
characteristics of the emulsion as it determines most critical
properties, including the rheological properties, adhesion,
drying characteristics, solids content, film-forming properties,
optical properties, and so on. Thus, the control of PSD is
well-motivated, which requires a detailed model describing
the evolution of the PSD, accounting for the complex mecha-
nisms. The polymerization is primarily initiated in the aque-
ous phase, and results in aqueous-phase oligomers. However,
both the monomers and polymers have a limited solubility in
the aqueous phase, thereby limiting the extent of polymeriza-
tion in this continuous phase. The particle phase results by
two major mechanisms. The primary mechanism of particle
formation is micellar nucleation, which is effected by the en-
try of an oligomer from the aqueous phase into a micellar
aggregate of amphiphilic surfactants. These micelles are
formed under a high concentration of surfactant molecules in
the aqueous phase, exceeding the critical micelle concentra-
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Ž .tion cmc threshold. The second mechanism of particle for-
mation does not explicitly involve the heterogenous surfac-
tant molecules, and is termed homogenous nucleation. This
occurs by the precipitation of the aqueous-phase oligomers
upon attainment of the critical chain length. The nucleated
particles participate in two major processes. One is the growth
in size due to the polymerization of the radicals within them.
The second is the coagulation with each other, due to col-
loidal instability. Thus, the PSD is determined by the inter-
play of three major processes�nucleation, growth, and coag-
ulation. There is considerable literature on the modeling of
the full PSD in a population-balance framework: Min and

Ž . Ž . Ž .Ray 1974 ; Rawlings and Ray 1988a,b ; Chen and Wu 1988 ;
Ž . Ž . Ž .Saldivar et al. 1998 ; Coen et al. 1998 ; Crowley et al. 2000 ;
Ž . Ž .Araujo et al. 2001 ; Meadows et al. 2002 . These comprise

two schools of models: one based on assumptions in terms of
the average number of radicalsrparticle, and the other more

Ž .general. See Immanuel et al. 2002a for a more detailed re-
view on the modeling of PSD in emulsion polymerization.

The mechanism of particle stabilization, and, hence, the
modeling of the coagulation phenomenon, is primarily de-
pendent upon the type of the surfactant used. While the ionic
surfactants stabilize the particles by electrostatic repulsion,
the nonionic surfactants cause the stabilization due to many
different, relatively less understood, mechanisms, the major
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Žone being steric stabilization Napper, 1983; Gilmore et al.,
. Ž .1993 . The coagulation kernel intrinsic coagulation rate is

modeled in terms of an activation barrier and frequency fac-
Ž .tor Arrhenius form , utilizing colloidal theory and the forces

and potentials between the particles to calculate these terms.
This approach results in intrinsic coagulation rates that are
not only size-dependent, but also vary along the batch de-
pending upon the conditions of the latex. Thus, a substantial
computational load is involved in the calculation of the coag-
ulation kernels. Most of the studies reported on coagulation

Žmodeling have considered ionic surfactants Richards et al.,
.1989; Coen et al., 1998; Melis et al., 2000 , with the coagula-

tion constants being calculated by employing the well-known
Ž .DLVO theory Israelachvili, 1998 . The modeling of the co-

agulation kernel under nonionic stabilization is not as well
documented as its ionic counterpart. One significant study
that addresses the effect of steric forces for PVC bulk or sus-
pension polymerization is presented by Kiparissides et al.
Ž .1993 , in which the steric potential due to nonionic surfac-

Ž .tants is modeled using the Hesselink-Vrij-Overbeek HVO
theory, based on entropic considerations. Some recent stud-

Ž .ies Fritz et al., 2002 have modeled the forces due to com-
bined electrostatic and steric repulsion, characterizing the
steric repulsion in terms of the osmotic pressure and the en-
tropic effects. Another aspect that is important from the per-
spective of coagulation is the effect of the agitation in the
reactor. In general, the effect of mixing on coagulation could
be correlated with the shear stress imparted on the particles,
with the shear effects enhancing the coagulation rates over
those that would prevail under shear-free conditions.

Ž .The current study utilizes nonionic poly ethylene oxide -
based surfactants. A comprehensive population balance
model has been developed for the evolution of PSD in the

Ž .semi-batch emulsion polymerization of vinyl acetate VAc
Ž .and butyl acrylate BuA , accounting for the nucleation and

Žgrowth effects assuming that the coagulation events are
unimportant in the low solids content regime that was consid-

. Ž .ered in the study Immanuel et al., 2002a . As a significant
departure from earlier models, which either employed an al-
gebraic empirical expression to model the average number of
radicalsrparticle or made some restrictive assumptions about
the number of radicals inside the particles, an equation de-
rived from first principles was employed to model this quan-
tity, incorporating its size-dependence. This approach cap-
tures the broadening of the distribution seen in the experi-
mental data well, justifying the increased computational load.
Another novelty in the model is the incorporation of the par-
titioning of the surfactants into the dispersed phases, a phe-

Žnomenon unique to nonionic surfactants Piirma and Chang,
.1982; Ozdeger et al., 1997 . This modification captures the

complexity in the nucleation pattern and the evolution of the
PSD in using nonionic surfactants. The experimental imple-
mentation of the optimal recipes developed using the above
model reveals the presence of coagulation events even under

Ž .these low-solids conditions Immanuel and Doyle III, 2002c ,
in some cases strong enough to cause an irreversible modifi-
cation to the distribution. This clearly highlights the impor-
tance of incorporating the coagulation events into the model,
which is the topic of this article. In calculating the coagula-
tion kernel, steric hindrance is assumed to be the predomi-
nant mechanism of stabilization. However, allowances are

made to account for other mechanisms, such as the shear
effects. The model predictions provide a substantially-better
match to the experimental data after the incorporation of
these coagulation effects.

Model Formulation
The population balance equation describing the evolution

of the PSD in emulsion polymerization is given by

� �
F r ,t q F r ,t RR r ,t s RR r ,tŽ . Ž . Ž . Ž .growth nuc� t � r

q RR r ,t 1Ž . Ž .coag

Ž .where F r,t is the particle density function, defined such
Ž .that F r,t dr is the moles of particles of size between r and

Ž . Ž . Ž .rqdr. The terms RR r,t , RR r,t and RR r,t ac-nuc growth coag
count for the nucleation, growth, and coagulation events, re-
spectively. Nucleation is usually restricted to the lower
boundary condition, thereby reducing the population balance
equation to

� �
F r ,t q F r ,t RR r ,t s RR r ,t 2Ž . Ž . Ž . Ž . Ž .growth coag� t � r

A pseudo-steady state is assumed in specifying the boundary
Žcondition a common practice when the growth rate is

Ž .nonzero Saldivar et al., 1998 . Thus, the boundary condition
Ž . Ž . Ž .becomes F r ,t RR r ,t s RR t . The solution ofnuc growth nuc nuc

Ž . Žthe population balance equation Eq. 2 which is an integro-
.hyperbolic partial differential equation , along with the other

relevant equations, is a challenging and computationally-in-
Ž .tensive task. In the earlier study Immanuel et al., 2002a , the

technique of Orthogonal Collocation on Finite Elements
Ž .OCFE was used to discretize the partial differential equa-

Ž .tion into a system of differential algebraic equations DAEs ,
and the resultant combined system of DAEs was solved using
the FORTRAN-based DAE solver DDASSL. The details in

Ž Ž .modeling the nucleation and growth terms RR t andnuc
Ž ..RR r,t along with the detailed kinetic scheme for thegrowth

Ž .process can be found in Immanuel et al. 2002a . The calcula-
tions involve partitioning considerations for the surfactants
and monomers, and material balances for the aqueous phase
oligomers and the particle phase polymers. The calculation
of the coagulation term is detailed here.

Coagulation modeling
Ž .The coagulation rate RR r,t involves two terms, one ac-coag

counting for the formation of a particle by coagulation of
particles of smaller sizes, and the other accounting for the
depletion of a particle by coagulation with other particles.

Ž . Ž . Ž .Thus, RR r,t s RR r,t y RR r,t . The forma-coag formation depletion
Ž . Ž .tion term RR r,t in molesrm-s is modeled asformation

1 dr�
1r3rr2 � � � � �RR r ,t s � r ,r F r ,t F r ,t drŽ . Ž . Ž . Ž .Hformation �V drr s rw nu c

3Ž .
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In the above equation, r� and r� denote the sizes of two
Ž .smaller particles that form a particle of size r upon coagu-
lation. These are related by a volume additivity condition as
Ž �.3 Ž �.3 3 �r q r s r . Thus, the terms dr rdr in Eq. 3, which rep-

Žresents the differential of the size of the second particle in-
�.volved in coagulation with the first particle of fixed state r

to the differential of the size of the particle formed, is given
by

dr� r 2

s 4Ž .2r33�dr 3r y rŽ .Ž .

Thus, the formation term becomes

RR r ,tŽ .formation

1 r 2
1r3rr2 � � � � �s � r ,r F r ,t F r ,t dr 5Ž . Ž . Ž . Ž .H 2r3� 3�V 3r s rw nu c r y rŽ .Ž .

The upper limit of integration rr21r3 is to avoid double
counting the coagulation events, and corresponds to the case
in which the two coagulating particles are of the same size.
The depletion term is given by

1 rma x � � �RR r ,t s � r ,r F r ,t F r ,t dr 6Ž . Ž . Ž . Ž . Ž .Hdepletion V rw nu c

where r is the size of the largest particle that can partici-max
pate in coagulation.

ŽThe calculation of the intrinsic coagulation rate coagula-
.tion kernel � involves considerations of the forces and po-

tentials between the particles. In the current study with non-
ionic surfactants, the stabilizing mechanism is assumed to be
steric hindrance, which is caused by the bulkiness of the sur-
factant chains that prevents the particles onto which the
chains are adsorbed from approaching each other. As stated
previously, there are few studies addressing the modeling of
the steric potential, particularly in the context of population
balance models in emulsion polymerization. It is essential to
develop a model that can predict the experimental results
well, while simultaneously being of a low computational com-
plexity. Thus, in this study, simple expressions for the steric

Žpotential analogous to those commonly employed for elec-
.trostatic and van der Waals’ potentials are used. The steric

repulsive potential between two flat objects due to the sur-
factant chains adsorbed onto their surfaces is given by Is-

Ž . Ž .raelachvili 1998 p. 295

100L
f 3r2 y� DrL� D s � kTe 7Ž . Ž .R �

where D is the separation distance between the objects. The
above equation is valid for separation distances up to twice

Ž .the extensional length L of the surfactant chain into the
aqueous phase, which is given by Ls�1r2R5r3. � is the sur-F

Žface coverage of the particles with surfactants based on the
partitioning calculation of the surfactants among the various

.phases modeled as

� K S N� ad w A
�s 8Ž .

1qK Sad w

In the above equation, K is the adsorption equilibriumad
constant for the surfactants and � is the equilibrium surface�

Ž .coverage Langmuir constants , with N being the AvogadroA
number. R is the Flory radius, which is related to the radiusF

Ž .of gyration of the polymeric surfactant chain R as R sg F
	R . Here, 	 accounts for the interaction of the surfactantg

Ž .with the solver water . The radius of gyration can be calcu-
' ' 'lated as R s l n r 6 s l MrM r 6 , where l is the effec-'g 0

Ž .tive segment length of the polymeric surfactant chain , n is
the number of segments in the chain, M is the molecular
weight of the surfactant chain, and M is the molecular weight0
of a monomeric unit in the chain.

Ž .The Derjaguin approximation Israelachvili, 1998 can be
employed to extend Eq. 7 to obtain the repulsive potential
between spherical particles. Thus, the repulsive force be-
tween two spherical particles of size r and r�, separated by a
distance D, is given by

2� rr� 100L
3r2 y� DrLF D s � kTe 9Ž . Ž .�R rq r �

Ž �.This equation is again valid for rq r � D�2 L. Using
Ž .the relation between force and potential, F D sR

Ž Ž . .y �� D r� D , one can obtain the steric potential asR

2 rr� 100L2
3r2 y� DrL� D sy F D d D s � kTe qcŽ . Ž . Ž .H �R R rq r �

10Ž .

where c is a constant of integration. An adjustable constant
is introduced into the above equation to account for the vari-
ous mechanistic and parametric uncertainties in the model,
thereby casting the repulsive potential as

2 rr� 100L2
�3r2 y� DrL� D sc � kTe qc 11Ž . Ž .�R 2 rq r �

where c is the adjustable constant, and c�sc c.2 2
The van der Waals’ attractive potential is relatively well

w Ž �.xknown, and is modeled as for all D� rq r

� �A 2 rr 2 rr
� D s qŽ .A 2 2� �2 26 D y rq r D y ry rŽ . Ž .

2�2D y rq rŽ .
qln 12Ž .2�2ž /D y ry rŽ .

In this equation, A is the Hamakar constant, which accounts
Ž .for the effects of the various intrinsic internal interactions

between the particles that result in the net attractive poten-
tial.

Ž . Ž . Ž .The net interaction potential, � D s� D y� D , canR A
be utilized to calculate the intrinsic coagulation rate using

Ž .established procedures Melis et al., 2000 , as follows: the
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Ž �.Fuch’s stability ratio W r,r , which has a reciprocal relation-
ship to the fraction of collision events that result in a success-

Ž .ful coagulation event activation barrier , is calculated as

� DŽ .
exp ž /� kT� �W r ,r s rq r d D 13Ž . Ž . Ž . Ž .H 2� DŽ .Ds rq r

Žk is the Boltzmann constant and T is the temperature of the
.emulsion . The stability ratio is related to the intrinsic coagu-

lation rate using the first-order Smoluchowski equation as
follows

4� D rq r�Ž .0�� r ,r sc 14Ž . Ž .1 W

In Eq. 14, c is another adjustable constant which subsumes1
the constant c� in Eq. 11, besides providing a way to account
for the shear effects. This is based on the hypothesis that the
shear effects enhance the coagulation rate over that under

Ž . Žshear-free conditions diffusion vs. convection analogy Evans
.and Wennerstrom, 1999 . The diffusion coefficient D is given0

by

kT 1 1
D s q 15Ž .�0 ž /6�� r r

Here, � is the viscosity of the emulsion latex, related to the
wŽ Ž Ž ..x2solids content as �s� r 1y sc r sc , with � being0 ref 0

the viscosity of water at the reaction temperature, sc, the la-
tex solids content and sc , a reference solids content.ref

Results and Discussion
Table 1 lists some of the model parameters adopted in this

Ž .study on the copolymerization of vinyl acetate VAc and butyl
Ž . Ž .acrylate BuA under a nonionic poly ethylene oxide surfac-

Ž .tant, and a redox pair of t-butyl hydrogen peroxide tBHP
Ž .and sodium formaldehyde sulphoxylate SFS for initiation.

The other model parameters involved are available in Im-
Ž .manuel et al. 2002a . The straightforward solution method-

ology based on Orthogonal Collocation on Finite Elements
results in a stiff system of equations, with condition numbers
of the order of 104 in the regime of nucleation. This in turn
results in large computation times. Incorporating the coagu-

Table 1. Kinetic and Physical Constants
y2 1A 5.5�10 J

w 7k sk 1.05�10 Lrmol � st11 t11 y6 2� 7.5�10 molrm�
4K 4�10 Lrmolad y5cmc 2�10 molrL

k 0.1 Lrmol � sr1
sc 0.6ref y5c 1�101 y10c 1�102

l 1 nm
M 616 grmol
M 68.4 grmol0

r 66 nmcut-off

lation effects further increases the computational load, due
to the intensive nature of the coagulation calculations. To
circumvent this problem, an efficient computational tech-
nique, based on an order reduction effected by the decompo-

Žsition of the fast and the slow kinetics, is employed Im-
.manuel and Doyle III, 2002b . The technique is based on a

finite-element discretization of the domain of particle size.
However, unlike one of the standard finite-element tech-

Ž .niques, the particle count within each finite element ‘‘bin’’
is updated employing a two-tier algorithm. In the first tier of
the algorithm, the individual rates of nucleation, growth, and

Žcoagulation within each finite element are calculated hold-
.ing the PSD constant . In the second tier of the algorithm,

the PSD is updated using the individual rates calculated in
the first tier. Iteration over these two tiers is not essential
due to the explicit formation adopted here. See Immanuel

Ž .and Doyle III 2002b for more details on the technique. For
the present simulations, 250 finite elements with a uniform
width of 2 nm radius are employed. Also, to reduce the com-

Ž �.putational load, the intrinsic coagulation rate � r,r is up-
dated only once every 10 min of batch time.

Analysis of base case recipe
A typical simulation result is presented next with particular

emphasis on the analysis of the coagulation kernel and its
sensitivity to the process inputs. A comparison of the im-
provement obtained relative to the previous coagulation-free
model predictions, and validation against experimental data,
are presented in the next subsection. Figure 1 shows a plot of
the van der Waals’ attractive potential between particles of
various sizes, separated by a representative distance of Ds
1.07 �m. Figure 2 shows similar plots of the repulsive poten-
tial between particles of various sizes, separated by the same
distance of 1.07 �m. Figures 2a, 2b, and 2c correspond re-
spectively to 30 min, 70 min, and 120 min of the recipe shown

Ž .in Figure 3. In Figure 3, the monomer feeds VAc and BuA
are pure components, while the feeds of the surfactant, tBHP
and SFS are aqueous solutions with 22.7 wt. %, 3.33 wt. %,
and 3.41 wt. % concentrations, respectively. The initial mix-

Figure 1. van der Waals’ attractive potential between
particles separated by a representative dis-
tance of Ds1.07 �m.
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Figure 2. Steric repulsive potential between particles
separated by a distance of Ds1.07 �m at dif-
ferent time instances, indicating the depen-
dence on the free surfactant concentration S .w

ture consists of 1 L DI water, 52 g VAc, 0.1 g ferrous ammo-
nium sulfate as a coordination agent between tBHP and SFS,
and a buffer for pH. As an attempt to draw a correlation
between the coagulation kernel and the free surfactant con-
centration, Figure 4 shows the profile of the free surfactant

Ž .concentration S over the course of the batch top plot andw

Figure 3. Nominal feed profile for semi-batch emulsion
( )polymerization base case .

Ž .the total swollen particle area bottom plot . The plot shows
that S varies profoundly during the batch. It increases fromw
10 min up to approximately 17 min, caused partly by the in-

Ž .crease in the surfactant feed rate at this time Figure 3 , but
also due to the depletion of the monomer droplets and the

Ž .associated release of absorbed surfactants figure not shown .
Subsequently, it remains almost constant up to approximately
37.5 min, as the reduced feed rate of the surfactant solution
at this time is just sufficient to compensate for the increase in

Žthe total surface area of the particles due to growth Figure 4
.�bottom plot . After 37.5 min, S begins to increase againw

due to the increased feed rate, up to approximately 70 min.
ŽThereafter, S drops until approximately 95 min due to ad-w

.sorption onto the growing particles . Beyond 95 min, S re-w
mains almost constant as there is no further increase in the

Ž .particle surface area. The repulsive potential Figure 2 shows
a considerable sensitivity to the free surfactant concentration

Ž .S as expected through the dependence on � . The highw
value of S at 70 min results in a higher repulsive potentialw

Figure 4. Free surfactant concentration S and the totalw
swollen particle surface area A correspond-p
ing to the base case recipe.
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Figure 5. Size-dependent intrinsic coagulation rate
� —Eq. 14, reflecting the sensitivity of the re-
pulsive potential to the free surface concen-
tration S .w
The rapid decrease in the coagulation rate constant at larger
sizes can be exploited to reduce the computational load.

at this time, compared to that at the other times. Figure 5
Ž .shows the intrinsic coagulation rates coagulation kernel cor-

responding to these same time instances, which reflect the

Figure 6. Profiles of the nucleation rate and total parti-
cles for the base case recipe.

sensitivity shown by the repulsive potential to the free surfac-
tant concentration. The intrinsic coagulation rate is lower at
70 min relative to that at 30 min. Also, it is higher at 120 min

Žby about four-fold compared to that at 70 min not percepti-
.ble in the plot , as an effect of the variation in S . Thesew

results elucidate the potential to manipulate the coagulation
rate by employing the surfactant feed.

Each of the plots in Figure 5 illustrate a rapid decrease in
the coagulation rate constant with an increase in the particle

Ž .size s . This observation was exploited to further reduce the
computational load. A cut-off size was fixed, above which the
particles were assumed to be colloidally-stable, thereby elimi-
nating the need to compute the coagulation terms for these
larger size particles. This approach is consistent with earlier

Ž .approaches. Richards et al. 1989 defined two particle popu-
lations, one accounting for the unstable smaller size particles,
and the other for the stable larger size ones. A similar ap-

Ž .proach was adopted by Araujo et al. 2001 in a full popula-
Žtion balance framework resulting in two population balance

.equations . The present approach eliminates the need for two
partial differential equations. However, a sensitivity study was
performed to identify the suitable cut-off size.

The simulation results are analyzed further to study the
evolution of the distribution. This analysis is also useful in
the next subsection, in comparing the simulation results with
the experimental data. Figures 6a and 6b show the rate of
micellar nucleation and the profile of total particles over the
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Figure 7. Global average number of radicalsrrrrrparticle,
calculated from the complete distribution

( )n r,t , corresponding to the base case recipe.

course of the batch, respectively. The homogenous nucle-
Ž .ation is restricted to very early times before 1 min , con-

tributing to the early particles seen in Figure 6b. On the con-
trary, micellar nucleation begins at about 1 min, and is preva-
lent through the entire course of the batch. The profile of the
total particles records decreases in the particles count due to
the coagulation events, which are seen to be the least evident

Ž .at times of high free surfactant concentration Figure 4 . The
high value of the intrinsic coagulation rate close to the end-

Ž .point Figure 5c , coupled with the higher particle concentra-
tion at these times, causes higher rates of coagulation to-
wards the end of the batch, thereby leading to a large drop in
the number of particles. Figure 7 shows the global average

Ž .number of radicalsrparticle, n t calculated from the dis-ave
Ž . Ž .tribution n r,t . It is seen that for most of the batch, n tave

is above unity justifying the use of a general model for a
VAc-BuA copolymer system. Figure 8 shows the profile of
the instantaneous overall conversion, which reaches about
78% at the end of 150 min with a modest solids content of

Figure 8. Instantaneous overall conversion of the
monomers along the batch corresponding to
the base case recipe.

Figure 9. Evolution of the PSD along the course of the
batch corresponding to the base case recipe.

about 22%. Figure 9 shows the evolution of the PSD along
the course of the batch. The end-point PSD shows a large
mode centered at approximately 400 nm, a diffuse mode at
around 250 nm, and another mode at approximately 100 nm
Ž .separate plot shown later .

In summary, the model captures all relevant aspects of the
evolution of the PSD, including the complications in the nu-

Žcleation events associated with the nonionic surfactants see
Ž . .Immanuel et al. 2002a, 2000 for such representative results .

It can be employed to simulate all industrially-pertinent
recipes, such as ab initio and seeded polymerizations.

Validation of the simulation results with experimental data
The comparison of the simulation results with the experi-

mental data for various recipes is presented next. In the first
comparison case, simulation results both with and without the
coagulation events are presented to illustrate the improve-
ment obtained in accounting for the coagulation phe-
nomenon even under low solids conditions. The experimental
facility comprises an on-line analyzer for PSD, the capillary

Ž .hydro-dynamic fractionator CHDF from Matec Instru-
ments, and an on-line densitometer. See Immanuel et al.
Ž .2002b for more details on the facility and the experimental
methods employed for the inference of process variables from
the available measurements. Figure 10 compares the simu-
lated end-point PSD and the profiles of the total particles

Žand solids content corresponding to the cases with and with-
.out coagulation , with the experimental data. The recipe for

Ž .the experiment is the one shown in Figure 3 base case ,
which was discussed in the previous subsection. The experi-

Ž .mentally-observed distribution in Figure 10a dashed line
shows diffuse and interconnected modes, one centered at ap-
proximately 320 nm, another at approximately 210 nm, and a
third at approximately 70 nm. In the coagulation-free case
Ž .dash-dot line , the model simulates two diffuse and intercon-
nected modes at the larger size end, similar to the experi-
mental observation. However, it predicts a delayed, but larger,

Žsecondary micellar nucleation event Figure 10b�dashed
.line , resulting in the separate and large peak centered at

Ž .approximately 100 nm Figure 10a . Parametric sensitivity
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Figure 10. Simulation results vs. experimental data for
the vinyl acetate-butyl acrylate copolymer-

( )ization recipe shown in Figure 3 base case .

study indicates that this discrepancy is not entirely due to the
Žuncertainty in the values of the parameters Immanuel et al.,

.2002a, 2001 . On the other hand, the coagulation-inclusive
simulation result captures these interconnected nucleation
events well, and also preserves the relative magnitudes of the
various peaks, as seen in Figures 10a and 10b. However, in
the simulation results, the early modes are still larger than in
the experimental data. Such discrepancies seen in the pro-

files and the distribution can be attributed to the parametric
uncertainty. Thus, there are clear improvements obtained
upon incorporating coagulation events into the model, the
complete model showing a qualitative and a partly quantita-
tive validity.

A detailed parametric sensitivity study was performed with
the coagulation-inclusive model. Based on this study, some of

Žthe parameters were adjusted c , c , � , K , cmc, k and1 2 � ad r1
.k to best match the simulated PSD with the experimen-t11

Ž .tally-observed PSD Table 1 . The matching of the experi-
Ž .mental and simulated profiles total particles, solids content

was not considered in this parameter identification exercise.
However, there are several sources of uncertainty in the ex-
perimental results, caused by discrepancies in the feed rates
delivered by the pumps, delays in step changes in the feed
rates, temperature fluctuations and so on, which need to be
accounted for in a more rigorous parameter identification ex-
ercise. The parameter values determined here are employed
for all subsequent simulations without further adjustment.
Also, the complete coagulation-inclusive results alone are
presented henceforth, to make the plots more legible.

Figure 11. Nucleation rates and total particles profile for
a recipe in which the feed of the monomers
and the surfactant solution shown in Figure

(3 is delayed by 20 min the initial mixture
)contains VAc monomer, but no surfactant .
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Figure 12. Simulation vs. experimental results for a
recipe with delayed feed of surfactant and

(monomer corresponding to the case in Fig-
)ure 11 .

Figure 11 shows the simulation results pertaining to a dif-
ferent recipe, and Figure 12 compares the predictions of the
end-point PSD and the profile of solids content with the cor-
responding experimental data. In this case, while the initial
mixture was the same as in the base case, the feed of VAc,
BuA, and surfactant solution was delayed by 20 min. During
the first 20 min of the batch, no external surfactant or BuA
monomer was present in the reactor. When the initiator com-

Ž .ponents tBHP and SFS which are not delayed enter the
Ž .reactor, the VAc monomer in the initial batch 52 g is initi-

ated, and particles are formed by the homogenous mecha-
Ž .nism Figure 11a�lower plot . Homogenous nucleation rate

remains appreciable until about 10 min, because of the higher
solubility of the VAc monomer in the aqueous phase. There-

Žafter, there is a decline in the number of particles Figure
.11b due to coagulation. At about 20 min, the feed of surfac-

tant and the two monomers is started. Micellar nucleation
begins shortly after this, and is prevalent for most part of the

Ž .batch Figure 11a . The resultant PSD at the end of the batch
is a prominent bimodal distribution, shown in Figure 12a
Ž .solid line . The comparison of the experimental data on the

Ž .end-point distribution Figure 12a and the profiles of total

Figure 13. Simulation vs. experimental end-point PSD
for a recipe obtained by a 22% reduction in
the BuA feed rate relative to Figure 3, up to
94 min.

Ž . Ž .particles Figure 11b and solids content Figure 12b , with
the corresponding simulation results, shows a reasonable

Žmatch. Note that the plot in Figure 12a is of the relative
distribution, which causes the simulated peaks to be lower

.due to the presence of particles bridging the two modes.
Figures 13
16 compare the simulations and experiments

for four different recipes, which were obtained by perturba-
tions in the feed rates of BuA, VAc, surfactant solution and
initiator solution, respectively, with respect to the recipe
shown in Figure 3. In each case, the simulation results show
very similar qualitative trends with the experimental results,
in terms of the nucleation, growth, and coagulation events.
These are evident by a comparison of the number of modes
and their relative magnitudes between the simulations and
the experimental data. The simulation results corresponding

Ž .to the base case particularly Figure 6a are used as a refer-
ence to interpret these results.

Figure 14. Simulation vs. experimental end-point PSD
for a recipe obtained by a 28% reduction in
the VAc feed shown in Figure 3 up to 16.7
min.
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Figure 15. Simulation vs. experimental end-point PSD
for a recipe in which the step increase in the
surfactant feed at 10 min, shown in Figure 3,
is delayed to 15 min.

Figure 13 corresponds to a recipe in which the BuA feed
Žrate was reduced by 22% relative to the original recipe base

.case up to 94 min, and, thereafter, the feed rate was raised
to the level in Figure 3. The total quantity of BuA in the
recipe was maintained the same as in the earlier recipe. The
VAc-BuA co-polymerization system is characterized by a high
reactivity ratio, with BuA being the more reactive monomer.
For this reason, the reduced BuA feed results in much re-

Ž .duced growth rates relative to the base case , and, hence, a
high free surfactant concentration and micellar nucleation

Ž .rate between 3
6 min see Figure 6a . This in turn cascades
into a reduced micellar nucleation rate at the later times.
After 94 min, there is a substantial increase in the reaction

Žrates, that results in the de-swelling of the particles due to
.the monomer consumption and the release of the surfac-

Ž .tants adsorbed onto their surface back into the aqueous
phase. This in turn causes enhanced nucleation rates towards

Figure 16. Simulation vs. experimental end-point PSD
for a recipe in which the concentration of ini-
tiator components is doubled compared to
the recipe shown in Figure 3.

the end of the batch. Hence, the broad PSD seen in Figure
13. Also, both the simulation and the experimental PSD show
the same trend.

For the result presented in Figure 14, the VAc feed rate
up to 16.7 min was reduced by 28% compared to Figure 3.
There was a prolonged feed of VAc due to this, in order to
maintain the same amount of VAc in the two recipes. In the
perturbed case, there is a larger value of the average number
of radicalsrparticle at early times, and, hence, larger growth
rates. This results in reduced nucleation rates between 3
6

Ž .min Figure 6a . The monomer droplets disappear from the
Ž .system earlier in this case before 12 min , resulting in the

release of surfactants absorbed into them back into the aque-
ous phase. This causes a more prominent nucleation at these
times. Both the simulation and the experimental results show
the same trend, although the simulation predicts an even

Ž .smaller nucleation at the intermediate times 3
6 min �at-
tributable to uncertainty in the surfactant partitioning param-
eters.

In the case of Figure 15, the step increase in the surfactant
feed rate at 10 min in Figure 3 was delayed to 15 min. The
monomer droplets disappear in both cases at about 12 min,
releasing the absorbed surfactants into the aqueous phase,
and thereby resulting in increased rates of micellar nucle-

Ž .ation again, see Figure 6a . However, in the current case,
there is a relatively reduced micellar nucleation at this time,
but a more substantial nucleation event at later times. Al-
though the experimental result shows a larger growth rate,
andror an earlier completion of the nucleation events com-
pared to the simulation results, the overall trend is very simi-

Žlar with the simulated PSD being a stretched version of the
.experimental one .

Figure 16 presents results in which case the concentration
of the initiator components were doubled relative to that em-
ployed in the base case recipe. In the current case, there is a
larger homogenous nucleation initially, which results in lower

Ž .values of n r,t , and, hence, lower growth rates. This causes
the total surface area to be lower, thereby raising the value of
S and the nucleation rates in the 3
6 min time range. Soonw

Ž .after, the value of n r,t increases, causing the surface area
ŽA to increase above that in the base case higher concentra-p

.tion of the initiator components , and in turn causing re-
duced rates of nucleation. This results in the PSD seen in the
figure. The larger mode comprises the particles nucleated up

Žto about 6 min initial homogenous and the intermediate mi-
.cellar nucleation events . The tail corresponds to the parti-

cles nucleated at later times of the batch. The experimental
results show a more prominent secondary peak. This could

Ž .be either due to an even earlier and, hence, reduced pri-
mary micellar nucleation event before 3 min in the experi-
mental case, or due to the later nucleation events occurring
at larger rates than predicted.

Figure 17 considers a different family of recipe for a batch
spanning 200 min. In this case, the solids content achieved is
slightly higher than the other cases, under which condition
one can expect more coagulation events. The experimental
results show three peaks, at approximately 70 nm, 320 nm,
and 500 nm, and a shoulder at about 200 nm. The simulated
distribution also shows these modes, although the corre-
sponding peak sizes are staggered. Also, there is an overall
preservation of the relative magnitudes of the various peaks.
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Figure 17. Simulation vs. experimental results for a dif-
ferent family of recipe, aimed at achieving a
higher solids content, and involving a longer
batch time.

Summary
A population balance model is developed for the PSD in

emulsion polymerization, accounting for the nucleation,
growth, and coagulation phenomena. The system under con-

Ž .sideration is the co-polymerization of vinyl acetate VAc and
Ž .butyl acrylate BuA with nonionic surfactants and redox ini-

tiators. In addition to consolidating the various theories on
each of these phenomena into a single study, the model pre-

Ž .sented here and in a prequel Immanuel et al., 2002a pro-
poses several modifications to the population balance model
for PSD in emulsion polymerization. A significant modifica-
tion as regards to the nucleation event is the incorporation of
the partitioning of the surfactants into the bulk of the dis-
persed phases, which accounts for the alterations in the nu-
cleation pattern under nonionic surfactants. In modeling the
growth phenomenon, a first principles-based formulation is
proposed to model the average number of radicalsrparticle.
The proposed formulation preserves the size-dependence of
the growth kernel, captures the broadening of the distribu-

Ž .tions with growth both effects seen experimentally , and also
obviates the need for incorporating artificial dispersion terms
in the population balance equation. The improvements ob-
tained with this modification clearly indicate the disadvan-
tages with lumped parameter modeling, and motivate the use
of a distributed approach where possible. The major contri-
bution of this article is on the coagulation mechanism. The
calculation of the size-dependent intrinsic coagulation rate
and the coagulation terms for emulsion recipes employing
nonionic surfactants is demonstrated. Steric stabilization un-
der the influence of adsorbed surfactants is modeled as the
primary stabilizing mechanism. However, empirical al-
lowances are introduced into the calculations to account for
other mechanisms that influence coagulation, including the
shear imparted on the particles due to the mixing in the reac-
tor. In formulating the population balance equation, the par-
ticle size is used as the internal coordinate. This is mainly
due to two reasons, namely that the measurement available is

Žas a size distribution and not volume distribution, for exam-
.ple , and that the range of particle size is narrower than the

range of particle volume, which makes the choice of size ben-
Žeficial with respect to a numerical solution number of finite

.elements, and so on . This choice of size as the internal coor-
dinate introduces minor, although critical, changes to the co-
agulation kernel, which are clearly developed in this article.

The model can be used to simulate all types of emulsion
recipes that are of interest to practitioners. The simulation
results were compared with experimental data. In general,
the model demonstrates a good ability to predict the experi-
mental observations. Also, there is a substantial improvement
over the previous coagulation-free simulation results. The
discrepancies between the complete coagulation-inclusive
simulation results and the experimental observations can be
attributed not only to parametric uncertainty, but also experi-

Žmental uncertainty disturbances, delays in pump startups,
.errors in the feed rates, and so on . The cascaded effects of

the parametric uncertainties on the evolution of the distribu-
tion were also discussed. The parameters were adjusted man-
ually to provide an overall fit of the end-point PSD in one
case, and the same set of parameters were used in the simu-
lation of all the cases. It might be beneficial to perform a

Ž .rigorous parameter identification, utilizing all the experi-
mental cases, and simultaneously accounting for experimen-
tal uncertainties. In such an exercise, it would be appropriate
to consider matching the profiles of total particles and solids

Ž .content rather than matching the end-point distribution .
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This objective has the advantage that it in effect matches the
entire trajectory of the distribution, and has been shown to

Žbe advantageous for the control of PSD Immanuel and Doyle
.III, 2002d . For the purposes of on-line control of PSD, a

combined parameter-state estimator can be employed to ac-
count for the uncertainties in the model simultaneously, while
inferring the relevant feedback informations necessary for

Ž .control Immanuel and Doyle III, 2002a .
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Notation
AsHamakar constant

As stotal swollen surface area of particlesp
cmcscritical micelle concentration

D seffective diffusion coefficient0
Ž .F r,t sparticle density function
Ž .F D srepulsive force between particles separated by distanceR

D
j scritical chain lengthcr
ksBoltzmann constant

k srate constant for reaction between initiator andr i
monomer i

k srate constant for termination of polymer of type i witht i j
another polymer of type j

K and � sLangmuir adsorption constantsad �

lseffective length of a segment of surfactant chain
Lsextension length of adsorbed surfactant into the aque-

ous phase
Ž .n t sglobal average number of radicals per particleave

Ž .n r,t saverage number of active radicals in particles of size r
at time t

N sAvogadro numberA
rsparticle radius

r ssize above which the particles are colloidally-stablecut-off
r ,r sradius of a micellernucleation sizemicelle nuc

R sFlory radiusF
R sradius of gyrationg
scssolids content of latex

sc sreference solids contentref
S sfree surfactant concentrationw
Tsreactor temperature

Ž � . �W r,r sFuch’s stability ratio for particles of size r and r
Ž .	sinteraction parameter between polymer surfactant and

Ž .solvent water
Ž � .� r,r sintrinsic coagulation rate between particles of size r and

r�

�sviscosity of latex
� sviscosity of water0

fŽ .� D srepulsive potential between flat objects separated byR
distance D

Ž .� D srepulsive potential between spherical particles sep-R
arated by distance D
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